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Abstract The Cauchy problem of the relativistic Enskog equation with near-vacuum data is
considered in this paper. Under the same assumption as that in Jiang (J. Stat. Phys. 127:805–
812, 2007) for the relativistic Enskog equation, we obtain the uniform L∞-stability of the
solution. What’s more important, is that for two new types of the scattering cross section σ ,
we give the global existence and L1(x, v)-stability for mild solution when the initial data lies
in the space L1(x, v). As a corollary, we have a BV -type estimate. It is worth mentioning
that the stability results in this paper can be applied to the case in Jiang (J. Stat. Phys.
127:805–812, 2007).
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1 Introduction

We consider the Cauchy problem for the relativistic Enskog equation
{

∂f

∂t
+ v̂ · ∇xf = Q(f,f ) (x, v ∈ R

3, t > 0),

f (0, x, v) = f0(x, v),
(RE)

where v̂, the relativistic velocity, is defined in terms of the momenta v ∈ R
3 by

v̂ = v

v0
; v0 =:

√
1 + |v|2 (1.1)

and thus v̂ < 1 for all v. f = f (t, x, v) denotes the number density of particles with a space
position x and a velocity v at time t , and Q(f,f ) is the Enskog collision operator.

The Boltzmann equation is one of the most important equations in statistical mechan-
ics, which gives an approximate description of the real behavior of a system of classical
particles with short range interaction. While, the Boltzmann equation is no longer valid for
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moderately or highly dense gases. As a modification of the Boltzmann equation, the En-
skog equation proposed by Enskog [13] in 1921 is usually used to explain the dynamical
behavior of the density profile of moderately or highly dense gases. In fact, different to the
Boltzmann equation, in a binary collision of two rigid spheres, the “Enskog” collision does
not take place at the same point for the two spheres; Enskog assumed that the two distrib-
ution functions at points separated by the distance a equal to the diameter of a sphere. For
the background of Boltzmann equation and Enskog equation, one can refer to [4, 5, 13] and
references therein.

There are many important works on the classical (non-relativistic) Boltzmann equation.
For the mathematical theories on this equation and general references, readers can refer to
[5, 7, 10, 15, 22, 27, 33, 34], and the references therein also for the physics backgrounds.

To concentrate on the problems considered in this paper, in the following, we mainly
mention some works on the Cauchy problem for the Enskog equation in infinite vacuum.
Local existence of solutions to the Enskog equation was studied in [26], while global ex-
istence was given in [8, 28, 32]. And Polewczak [28] obtained the existence of a classical
solution. The L1-stability of mild and classical solution for the Boltzmann-Enskog equation
(Y ± = 1) was obtained by Cercignani [8] and Ha [21], respectively. For other works about
the modified Enskog equation such as large initial data, normalized solutions, convergence
of the solutions of Enskog equation to those of the Boltzmann equation, one can refer to [1,
2, 6, 14, 29, 30] and references therein. For further references, one can see a book [3].

For background on the relativistic equation we mention the books of Cercignani et al. [6],
deGroot et al. [9] and Stewart [31]. The near-equilibrium relativistic Boltzmann equation
admits global smooth solutions [17, 18], and weak solutions are considered in [12].

Although the classical (non-relativistic) Boltzmann equation near vacuum has been heav-
ily studied, the relativistic case has received scant attention. Recently, Glassey [16] proved
global existence of solution to the relativistic Boltzmann equation near vacuum. As the au-
thor stated in [16], the classical near-vacuum problem was solved in the hard-sphere case via
a beautiful trick used in [23, 25] (essentially Galilean invariance: |x − tv′|2 + |x − tu′|2 =
|x − tv|2 + |x − tu|2). It allows one to eliminate in many situations the dependence in esti-
mates on the post-collisional velocities u′, v′. But that device does not work in the relativistic
case. Thus the author in [16] introduced a new weight function for the relativistic Boltzmann
equation, which avoids estimating the terms v̂ − v̂′ and v̂ − û′ in the collision term. This is
the key observation for the estimates of the collision term. More recently, Jiang [24] ex-
tended the result in [16] to the relativistic Enskog equation under the same assumption on
the scattering cross section σ(u, v,ω). However, this new weight function brings us new
difficulty to obtain a L1(x, v)-stability of the solution for the relativistic case.

In the present paper, we give the global existence for (RE) using the method in [8] when
the initial data is small and belongs to L1(x, v). In addition, the L1(x, v)-stability and
BV-type estimate of the solution in this paper are obtained. On the other hand, using a
weighted method together with the method in [8], we have another similar existence and
L1-stability under a more general assumption (H2) on σ than that in [24]. Lastly, we prove
the solution established in [24] is L∞-stability under the same condition on the scattering
cross section σ as in [24] when the initial data has not compact support in x, i.e., the solution
in [24] does not belong to L1(x, v).

To our best knowledge, this is the first work on the stability of solutions for the relativistic
Enskog equation near vacuum. Furthermore, The existence result in Jiang [24] is extended
to those with some new types of the scattering cross section σ , at the same time, we obtain
the uniform L1-stability and L∞-stability.
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Remark 1.1 The method using in Sect. 3 can’t be used to the relativistic Boltzmann equa-
tion, although the initial data has compact support with respect to x, i.e., the solution lies
in L1(x, v). We can’t obtain a similar estimate as Lemma 3.2 for the relativistic Boltzmann
equation since the function space of the solution in [16] is indeed a L∞ type.

Remark 1.2 L1-type of estimates for the Boltzmann equation are also important in the con-
text of the Boltzmann theory since L1 seems to be the natural space where weak solutions
lie in. Near vacuum solutions naturally lie in the space bounded by Maxwellian distrib-
ution. By constructing some Lyapunov functionals measuring the future collision, Ha in
[19, 20] builded the L1-type of estimates of classical solutions for the Boltzmann equa-
tion. It mainly depends on the decay rate of the collision terms and Gronwall’s inequality.
We can’t obtain the uniform L1(x, v)-stability in time of the solution for the relativistic
Boltzmann equation in [16] using the method in [11, 20], since we can’t get the temporal

decay of the collision terms using the weight function as e−
√

1+|v|2e−|x×v| for the relativis-
tic Boltzmann equation, which is different to e−|x|2−|v|2 for the non-relativistic one. Thus
we only obtain a non-uniform L1(x, v)-stability result as ‖f (t, x, v) − f̄ (t, x, v)‖L1(x,v) ≤
Cet‖f0(x, v) − f̄0(x, v)‖L1(x,v) for the solutions in [16]. The details can be found in the end
of this paper.

The rest of this paper will be organized as follows. First of all, in Sect. 2, we explicitly
write the equation and some assumptions and main results in this paper. In Sect. 3, we prove
the global existence and L1(x, v)-stability of the mild solution. Lastly, in Sect. 4, the L∞-
stability of the mild solution in [24] is obtained.

2 Formulations and Main Result

As is standard, we use primes to represent the post-collision velocities. The conservation
laws for momentum and energy are

u′ + v′ = u + v ≡ m, (2.1)√
1 + |u′|2 +

√
1 + |v′|2 =

√
1 + |u|2 +

√
1 + |v|2 ≡ e. (2.2)

Let us begin by defining the remaining variables in the collision integral. We define

s = (U + V )2 = (u0 + v0)
2 − |u + v|2 = 2u0v0 − 2u · v + u2

0 + v2
0 − |v|2

= 2(
√

1 + |u|2
√

1 + |v|2 − u · v + 1), (2.3)

4g2 = −(U − V )2 = −(u0 − v0)
2 + |u − v|2 = 2u0v0 − 2u · v − u2

0 + |u|2 − v2
0 + |v|2

= 2(
√

1 + |u|2
√

1 + |v|2 − u · v − 1), (2.4)

and

cos θ = (V − U) · (V ′ − U ′)
(V − U)2

. (2.5)

Furthermore, we define the Møller velocity as the scalar vM given by

v2
M = |v̂ − û|2 − |v̂ × û|2 = s(s − 4)

4v2
0u

2
0
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or

vM = 2g
√

1 + |g|2
v0u0

. (2.6)

There are several representations of the collision operator Q; we will use that in Glassey
[16], which also was used in Appendix II of [17]. So we write the collision operator as
follows.

Q(f,f ) = a2
∫

S2+

∫
R3

q(u, v,ω)[Y (ρ+)f (t, x, v′)f+(t, x,u′)

− Y (ρ−)f (t, x, v)f−(t, x,u)]dudω

= Q+(f,f ) − Q−(f,f ), (2.7)

where S2+ = {ω ∈ S2 : ω · v̂ ≥ ω · û}. And

ρ(t, x) =
∫

R3
f (t, x, v)dv,

ρ+ = ρ(t, x + aω), ρ− = ρ(t, x − aω),

f (u) = f (t, x,u), f+(u) = f (t, x + aω,u), f−(u) = f (t, x − aω,u).

If the factors Y ± = Y (ρ±) are set to be the same positive constant and the diameter a equal
to zero in the density variables, then the relativistic Enskog equation becomes the relativistic
Blotzmann one.

Furthermore, as [16, 17], the scattering kernel q is

q(u, v,ω) = 4se2|(ω · (v̂ − û)|
(e2 − (ω · m)2)2

σ, (2.8)

where σ is the scattering cross section. Then we state the assumptions on σ :

(H0) [16, 24] Hypothesis on the scattering cross section σ Let ω be a unit vector, u,v ∈ R
3

and 0 < δ < 1. σ = σ(u, v,ω) is to be nonnegative, continuous and satisfy

0 ≤ σ(u, v,ω) ≤ |ω · (v̂ × u)|σ̃ (ω)

g(1 + |g|2) 1
2 +δ

, (2.9)

where σ̃ (ω) is also nonnegative, bounded and continuous and satisfies for some positive
constant b and for every 0 �= z ∈ R

3,
∫

|ω|=1

σ̃ (ω)

1 + |ω · z|dω ≤ b|z|−1. (2.10)

Discussion of (H0) [16, 24] An assumption in (H0) on the decay in g is natural because
of the following inequality [16]:

|q(u, v,ω)| ≤ 8g
√

1 + |g|2σ, (2.11)

the factor ω · (v̂ ×u) appearing in (H0) plays a vital role in the estimates on the gain term in
[16, 24]. As the author remarked in [16], we do not know if the factor represents a physically
realistic situation.



Stability of Global Solution for the Relativistic Enskog Equation 153

Assume that Y ± is locally Lipschitz, i.e.,

|Y ±(p) − Y ±(r)| ≤ C(R)‖p − r‖M, for any p, r ∈ MR, (2.12)

where ‖ · ‖M is the norm of function space of the solution, and MR = {f : ‖f ‖M ≤ R,
R > 0}. And C(R) is a positive nondecreasing function on R+.

Next, we state the global existence of the mild solution for (RE) in [24].

Theorem 1 Let σ, δ satisfy the Hypothesis (H0) and let Y ± be as in (2.12). Consider (RE)
with initial value f0(x, v) satisfying 0 ≤ f0(x, v) ∈ C0(R6) as well as

ev0 [1 + |x × v|2] 1+δ
2 f0(x, v) ≤ c0.

Then there exists a positive number ε with the property that if c0 ≤ ε, a uniquely determined
nonnegative global solution f (t, x, v) to the mild form of the Cauchy problem for (RE)
exists. This solution satisfies the estimate

f (t, x, v) ≤ ce−v0 [1 + |x × v|2]− 1+δ
2 ,

where c is a constant depending only on the initial data.

Now, we give the main results in this paper.

(H1) Hypothesis on the scattering cross section σ Let ω be a unit vector, u,v ∈ R
3. σ =

σ(u, v,ω) is to be nonnegative, continuous and satisfy

σ(u, v,ω) =: σ(e,m,ω) ≤ k
(e2 − (ω · m)2)2

4(e2 − |m|2)e2
, for some k > 0,

which implies

|q(u, v,ω)| ≤ k|ω · (v̂ − û)|. (2.13)

In fact, (2.13) is a key point in the proof of Theorems 2 and 3.
Especially, from the relation in [16]

|q(u, v,ω)| ≤ 4u0v0|ω · (v̂ − û)|σ(u, v,ω),

equation (2.13) is true when |σ(u, v,ω)| ≤ 1
u0v0

.
We introduce the following function space:

M =
{
f (t, x, v) : f defined in [0, T ] × R

6

with
∂f

∂t
+ v̂ · ∇xf ∈ L1([0, T ] × R

6);f0(x, v) ∈ L1(R6)

}

with norm

‖f ‖M = ‖f0‖L1(R6) +
∥∥∥∥∂f

∂t
+ v̂ · ∇xf

∥∥∥∥
L1([0,T ]×R6)

.

Obviously, M is a Banach space.
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Theorem 2 Let σ satisfy the Hypothesis (H1) and Y ± satisfy (2.12). Consider (RE) with
initial value f0(x, v) ∈ L1(R6) as well as

‖f0(x, v)‖L1(R6) ≤ R0,R0 is sufficiently small.

Then there exists a unique global solution f (t, x, v) to the mild form of the Cauchy problem
for (RE). This solution satisfies the estimate

∥∥∥∥∂f

∂t
+ v̂ · ∇xf

∥∥∥∥
L1([0,T ]×R6)

≤ C‖f0(x, v)‖L1(R6),

where C is a positive constant independent of the variables t, x, v.

Theorem 3 Let σ satisfy the Hypothesis (H1) and Y ± satisfy (2.12). Consider two mild
solutions f, f̄ ∈ M with the initial data f0, f̄0, respectively. Here M is defined as that in
Theorem 2. Then we have the L1(x, v)-stability of the two mild solutions:

‖(f − f̄ )(t, x, v)‖L1(x,v) ≤ C‖f0(x, v) − f̄0(x, v)‖L1(x,v),

where C is a uniform constant with respect to time t .

Next, we give the global existence and L1(x, v)-stability in a weighted space.
Choose a weight function φ(v) = (

√
1 + |v|2)2α+1 = v2α+1

0 , and denote

‖f ‖L1
φ(x,v) =

∫
R6

φ(v)f dxdv.

We introduce a weighted function space:

Mφ =
{
f (t, x, v) : f defined in [0, T ] × R

6

with
∂f

∂t
+ v̂ · ∇xf ∈ L1

φ([0, T ] × R
6);f0(x, v) ∈ L1

φ(R6)

}

with norm

‖f ‖Mφ = ‖f0‖L1
φ(R6) +

∥∥∥∥∂f

∂t
+ v̂ · ∇xf

∥∥∥∥
L1

φ([0,T ]×R6)

.

Obviously, Mφ is a Banach space. We denote M
φ

R = {f : ‖f ‖Mφ ≤ R}.

(H2) Hypothesis on the scattering cross section σ

σ(u, v,ω) ≤ r
(u0)

α(v0)
α−1

(1 + |g|2)α
, α ≥ 0, for some r > 0.

Theorem 4 Let σ satisfy the Hypothesis (H2) and Y ± satisfy (2.12). The initial data f0 ∈
L1

φ(x, v) is appropriately small. Then there exists a global mild solution f ∈ Mφ .
On the other hand, consider two mild solutions f, f̄ ∈ Mφ with the initial data f0, f̄0 ∈

L1
φ(x, v), respectively. Then there exists a global mild solution in Mφ for the problem (RE)
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satisfies the weighted L1(x, v)-stability of the two mild solutions:

‖(f − f̄ )(t, x, v)‖L1
φ(x,v) ≤ C‖f0(x, v) − f̄0(x, v)‖L1

φ(x,v),

where C is a uniform constant with respect to time t .

Remark 2.1 Recall the assumption (H0), we know

σ(u, v,ω) ≤ |ω · (v̂ × u)|σ̃ (ω)

g(1 + |g|2) 1
2 +δ

≤ 2u
1
2
0 v

1
2
0

[|u × v|2 + |u − v|2] 1
2

v−1
0 |ω · (v × u)|
(1 + |g|2) 1

2 +δ

≤ r1
u

1
2
0 v

− 1
2

0

(1 + |g|2) 1
2 +δ

, for some r1 > 0, (2.14)

where we have used the inequality in Lemma 3.1 of [17]:

g ≥ [|u × v|2 + |u − v|2] 1
2

2u
1
2
0 v

1
2
0

. (2.15)

From (2.14), we know the Hypothesis (H2) is weaker than (H0). In other words, we indeed
extend the existence result in [24] when the initial data has compact support with respect
to x. Moreover, we obtain the L1(x, v)-stability.

In the end, under the same assumption on σ(u, v,ω) as that in [24], and the initial data
has not compact support with respect to x, we obtain the following L∞-stability of solutions.

Theorem 5 Let σ satisfy the Hypothesis (H0). Consider two mild solutions in Theorem 1
f, f̄ ∈ M̃ with the initial data f0, f̄0, respectively. Then the L∞(x, v)-stability of the two
mild solutions is established:

‖f (t, x, v) − f̄ (t, x, v)‖ ≤ C‖f0(x, v) − f̄0(x, v)‖0,

where C is a uniform constant with respect to time t , and the norms ‖ · ‖, ‖ · ‖0, the space
M̃ are defined in Sect. 4.

3 Existence and L1(x, v)-stability

In this section, under the assumption (H1) or (H2) on σ , we prove the global existence and
L1(x, v)-stability of the mild solution for (RE).

3.1 Under the Hypothesis (H1)

Lemma 3.1 If f ∈ M , then there is a function l ∈ L1(R3 × R
3)

|f (t, x, v)| ≤ l(x − v̂t, v), (3.1)

‖l‖L1(R3×R3) ≤ ‖f ‖M. (3.2)
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Proof Let

P (t, x, v) = ∂f

∂t
+ v̂ · ∇xf,

one finds

f (t, x, v) = f0(x − v̂t, v) +
∫ t

0
P (s, x − v̂t + v̂s, v)ds. (3.3)

Define

l(x, v) = |f0(x, v)| +
∫ T

0
|P (s, x + v̂s, v)|ds, (3.4)

which implies (3.1). Then from the definition of the norm in M in Sect. 2, we get (3.2). This
proves Lemma 3.1. �

Lemma 3.2 If f ∈ MR , then Q(f,f ) ∈ L1([0, T ] × R
6) and

‖Q(f,f )‖L1([0,T ]×R6) ≤ C2(R)‖f ‖2
M, (3.5)

where R is given in the definition of the space MR and C2(R) is a positive nondecreasing
function on R+.

Proof Firstly, we consider the loss term Q−(f,f ). From the assumption (2.12) on Y ±, we
have

|Y ±(f )| ≤ L(R)R + |Y +(0)| + |Y −(0)| := C1(R), (3.6)

where C1(R) is a positive nondecreasing function on R+. Then

‖Q−(f,f )‖L1([0,T ]×R6)

= a2
∫

S2+×R9×R+
Y −(ρ)q(u, v,ω)f (t, x, v)f (t, x − aω,u)dudωdvdxdt

≤ C1(R)a2
∫

S2+×R9×R+
q(u, v,ω)l(x − v̂t, v)l(x − aω − ût, u)dudωdvdxdt

≤ C1(R)ka2
∫

S2+×R9×R+
|ω · (v̂ − û)|l(x − v̂t, v)l(x − aω − ût, u)dudωdvdxdt

≤ C1(R)ka2
∫

S2+×R9×R+
l(y, v)l(y + (v̂ − û)t − aω,u)|ω · (v̂ − û)|dudωdvdxdt

= C1(R)k

∫
R6×R6

l(y, v)l(z, u)dydvdzdu

≤ C2(R)‖l‖2
L1(R6)

. (3.7)

Here

y = x − v̂t, z = y + (v̂ − û)t − aω,

and we have used the assumption on σ(u, v,ω): (H1), and the fact

∂z

∂(t,ω)
= a2|ω · (v̂ − û)|. (3.8)
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On the other hand, the property in [17]

∂(u′, v′)
∂(u, v)

= −
√

1 + |u′|2√1 + |v′|2√
1 + |u|2√1 + |v|2 , (3.9)

which together with (2.8) yields

q(u, v,ω) = q(u′, v′,ω)
∂(u′, v′)
∂(u, v)

. (3.10)

Then using the change of variables (v′, u′) → (v,u) and the same method as above, we can
obtain the same estimate for the gain term Q+(f,f ) as that of Q−. In the end, from (3.7)
and Lemma 3.1, we complete the proof of Lemma 3.2. �

Up to now, it is easy to prove a small-data existence result with the quadratic estimates
of the form from Lemma 3.2 in hand.

Define the operator F : h → f on MR as follows:
Given f0(x, v) ∈ L1(x, v) and h ∈ MR , f is a solution of

∂f

∂t
+ v̂ · ∇xf = Q(h,h), f (0, x, v) = f0(x, v). (3.11)

By Lemma 3.2, we have

‖Q(h,h)‖L1([0,T ]×R6) ≤ C(R)‖h‖2
M. (3.12)

Hence ∥∥∥∥∂f

∂t
+ v̂ · ∇xf

∥∥∥∥
L1([0,T ]×R6)

≤ C(R)‖h‖2
M, (3.13)

and

‖f ‖M ≤ ‖f0‖L1(R6) + C(R)‖h‖2
M. (3.14)

So F maps the ball BR defined by ‖h‖M ≤ R into another ball BR̄ with

R̄ ≤ R0 + C(R)R2 ≤ R, (3.15)

if R0,R are sufficiently small. Then from (3.11) one gets

‖f − f̄ ‖M ≤ ‖h + h̄‖M‖h − h̄‖M ≤ 2R‖h − h̄‖M. (3.16)

Thus, we find that mapping F is a strict contraction if R is sufficiently small. Using the
standard contraction mapping principle, we get the follow existence result.

Theorem 3.1 Let σ satisfy the Hypothesis (H1) and Y ± satisfy (2.12). Consider (RE) with
initial value f0(x, v) ∈ L1(R6) as well as

‖f0(x, v)‖L1(R6) ≤ R0, R0 is sufficiently small. (3.17)

Then there exists a unique global solution f (t, x, v) to the mild form of the Cauchy problem
for (RE). This solution satisfies the estimate∥∥∥∥∂f

∂t
+ v̂ · ∇xf

∥∥∥∥
L1([0,T ]×R6)

≤ C‖f0(x, v)‖L1(R6),
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where C is a positive constant independent of the variables t, x, v.

Next, we consider the stability of solution in Theorem 3.1.
From the definition of the norm ‖ · ‖M and (3.3), we find

sup
0≤t≤T

‖f ‖L1(R6) ≤ ‖f ‖M. (3.18)

Theorem 3.2 Let σ satisfy the Hypothesis (H1) and Y ± satisfy (2.12). If two initial data
f0, f̄0 ∈ L1(R6) satisfy (3.17), then the corresponding solutions are L1(x, v)-stability:

sup
t∈R+

‖f − f̄ ‖L1(R6) ≤ C‖f0 − f̄0‖L1(R6), (3.19)

where C is a positive constant independent of the variables t, x, v.

Proof As (3.16), we have

‖f − f̄ ‖M ≤ ‖f0 − f̄0‖L1(R6) + C(R)‖f + f̄ ‖M‖f − f̄ ‖M. (3.20)

And

C(R)‖f + f̄ ‖M ≤ 2C(R)R < 1,

if let R be small enough. Thus we get

‖f − f̄ ‖M ≤ 1

1 − 2C(R)R
‖f0 − f̄0‖L1(R6), (3.21)

which together with (3.18) implies (3.19). This proves Theorem 3.2. �

As a corollary of the uniform L1 stability for the mild solutions we can obtain a uniform
BV-type estimates. We define difference quotients as follows.

Dh
xi
f (t, x, v) = f (t, x + hei, v) − f (t, x, v)

h
,

where h > 0 is any fixed constant and ei is an orthonormal basis of R
3.

And set

‖∇xf (t)‖L1(x,v) :=
3∑

i=1

‖∂xi
f (t)‖L1(x,v).

Corollary 3.1 Suppose the main assumption in Theorem 3 holds, and let f be a continuous
mild solution corresponding to small initial data ∂xi

f (0) ∈ L1(R6), i = 1,2,3. Then there
exists a positive constant independent of time t such that

‖Dh
xi
f (t, x, v)‖L1(x,v) ≤ C‖∇xf (0)‖L1(x,v).

Furthermore, if ∇xf (t) exists, we have BV-type estimate:

‖∇xf (t)‖L1(x,v) ≤ C‖∇xf (0)‖L1(x,v).

Here C is a positive constant independent of t, x, v.
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Proof From the definition of difference quotients, we find

‖Dh
xi
f (t, x, v)‖L1(x,v) =

∥∥∥∥f (t, x + hei, v) − f (t, x, v)

h
)

∥∥∥∥
L1(x,v)

(by Theorem 3.2)

≤ C

∥∥∥∥f (0, x + hei, v) − f (0, x, v)

h

∥∥∥∥
L1(x,v)

≤ C‖∂xi
f (0)‖L1(x,v),

where we have used the relation between difference quotients and derivatives.
If ∇xf (t) exists, we get BV-type estimate:

‖∇xf (t)‖L1(x,v) ≤ C‖∇xf (0)‖L1(x,v).

Thus, we complete the proof of Corollary 3.1. �

Remark 3.1

1. The proof of the BV-type estimate here is obviously simpler than that in [11, 20].
2. If one gets a classical solution for the problem (RE), using the functionals constructed in

[21], the L1(x, v)-stability of the classical solution for (RE) can be obtained.

3.2 Under the Hypothesis (H2)

In this subsection, we obtain the global existence and L1-stability under the hypothesis (H2)
by choosing the weight function φ(v) defined in Sect. 2.

Recall the weight function φ(v) = (
√

1 + |v|2)2α+1 = v2α+1
0 and the weighted function

space:

Mφ =
{
f (t, x, v) : f defined in [0, T ] × R

6

with
∂f

∂t
+ v̂ · ∇xf ∈ L1

φ([0, T ] × R
6);f0(x, v) ∈ L1

φ(R6)

}

with norm

‖f ‖Mφ = ‖f0‖L1
φ(R6) +

∥∥∥∥∂f

∂t
+ v̂ · ∇xf

∥∥∥∥
L1

φ([0,T ]×R6)

,

where

‖f ‖L1
φ(x,v) =

∫
R6

φ(v)f dxdv.

Obviously, Mφ is a Banach space. We denote M
φ

R = {f : ‖f ‖Mφ ≤ R}.

Lemma 3.3 If f ∈ Mφ , then there is a function l ∈ L1(R3 × R
3)

|F(t, x, v)| = |φ(v)f (t, x, v)| ≤ φ(v)l(x − v̂t, v), (3.22)

‖φ(v)l‖L1(R3×R3) ≤ ‖f ‖Mφ . (3.23)
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Proof Let

φ(v)P (t, x, v) = ∂F

∂t
+ v̂ · ∇xF,

one finds

F(t, x, v) = F0(x − v̂t, v) +
∫ t

0
φ(v)P (s, x − v̂t + v̂s, v)ds. (3.24)

Define

l(x, v) = |f0(x, v)| +
∫ T

0
|P (s, x + v̂s, v)|ds, (3.25)

which implies (3.22). Then from the definition of the norm for the space Mφ , we get (3.23).
This proves Lemma 3.3. �

Lemma 3.4 If ‖f ‖Mφ ≤ R, then Q(f,f ) ∈ L1([0, T ] × R
6) and

‖φ(v)Q(f,f )‖L1([0,T ]×R6) ≤ C3(R)‖f ‖2
Mφ . (3.26)

Here C3(R) is a positive nondecreasing function on R+.

Proof Firstly, we consider the loss term Q−(f,f ). From the assumption (2.12) on Y ±, we
have

|Y ±(f )| ≤ L(R)R + |Y +(0)| + |Y −(0)| := C1(R), (3.27)

where C1(R) is a positive nondecreasing function on R+.
By direct calculation, we know

√
1 + |v|2√

1 + |u|2(1 + |g|2) = 2
√

1 + |v|2√
1 + |u|2(√1 + |v|2√1 + |u|2 − u · v + 1)

≤ r2, (3.28)

where r2 is a positive constant independent of u,v.
From (3.28), the assumption (H2) and the fact in [16]

q(u, v,ω) ≤ 4u0v0σ |ω · (v̂ − û)|, (3.29)

we get when α ≥ 0

‖φ(v)Q−(f,f )‖L1([0,T ]×R6)

= a2
∫

S2+×R9×R+
Y −(ρ)φ(v)q(u, v,ω)f (t, x, v)f (t, x − aω,u)dudωdvdxdt

≤ C1(R)a2
∫

S2+×R9×R+
φ(v)q(u, v,ω)l(x − v̂t, v)l(x − aω − ût, u)dudωdvdxdt

≤ C1(R)a2
∫

S2+×R9×R+

uα+1
0 vα

0

u2α+1
0 (1 + |g|2)α

|ω · (v̂ − û)|φ(v)l(x − v̂t, v)

× φ(u)l(x − aω − ût, u)dudωdvdxdt
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= C1(R)a2
∫

S2+×R9×R+

vα
0

uα
0 (1 + |g|2)α

|ω · (v̂ − û)|φ(v)l(x − v̂t, v)

× φ(u)l(x − aω − ût, u)dudωdvdxdt

≤ C3(R)a2
∫

S2+×R9×R+
φ(v)l(y, v)φ(u)l(y + (v̂ − û)t − aω,u)

× |ω · (v̂ − û)|dudωdvdxdt

= C3(R)

∫
R6×R6

φ(v)l(y, v)φ(u)l(z, u)dydvdzdu

≤ C3(R)‖φl‖2
L1(R6)

. (3.30)

Here

y = x − v̂t, z = y + (v̂ − û)t − aω,

and we have used the fact

∂z

∂(t,ω)
= a2|ω · (v̂ − û)|. (3.31)

On the other hand, the property in [17]

∂(u′, v′)
∂(u, v)

= −
√

1 + |u′|2√1 + |v′|2√
1 + |u|2√1 + |v|2 , (3.32)

which together with (2.8) yields

q(u, v,ω) = q(u′, v′,ω)
∂(u′, v′)
∂(u, v)

. (3.33)

Then using the change of variables (v′, u′) → (v,u) and the same method as above, we can
obtain the same estimate for the gain term Q+(f,f ) as that of Q−. In the end, from (3.30)
and Lemma 3.3, we complete the proof of Lemma 3.4. �

Then a same process as in Sect. 3.1 suffices to complete the proof of Theorem 4.

4 L∞ Stability of the Solution in Theorem 1

In this section, we consider L∞ stability of two mild solutions obtained in [24]. The reason
is stated in the following remark.

Remark 4.1 The solution f in Theorem 1 need not be integrable in x. But if one gives an
additional assumption that the initial value f0(x, v) has compact support in {x : |x| ≤ k,
k > 0}, it can be seen from the representation that the gain and loss terms (and hence the
solution f as well) each has support in {|x| ≤ k + t}. Therefore the solution is integrable
in x and v under this additional assumption. While, without this additional assumption, we
only give L∞ stability of two mild solutions obtained in [24].
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The function space of the solution in [24] is as follows. Denote

M̃ =
{
f ∈ C0([0,∞) × R

6) : ‖f ‖ ≡ sup
t,x,v

e|v0|[1 + |x × v|2] 1+δ
2 |f (t, x, v)| < ∞

}
,

and ‖f0‖0 = supx,v[1+|x ×v|2] 1+δ
2 e|v0||f0(x, v)|. For simplicity, we denote weight function

W(x,v) as

W(x,v) = e−v0 [1 + |x × v|2]− 1+δ
2 .

From now on, f �(t, x, v) = f (t, x + v̂t, v).

Lemma 4.1 Let hypothesis (H0) hold. For any t ≥ 0 and f �, f̄ � ∈ M̃ there is a constant
C(R) independent of t, x, v for which

∫ t

0
|Q�

±(f, f̄ )|(τ )dτ ≤ C(R)W(x, v)‖f �‖‖f̄ �‖. (4.1)

Theorem 4.1 Let f0(x, v) and f̄0(x, v) be two nonnegative functions such that
max {‖f0‖0,‖f̄0‖0} < 1

9C(R)
, and suppose that f and f̄ are the nonnegative solutions for

the Cauchy problem (RE) to initial value f0 and f̄0, respectively. Then

‖f − f̄ ‖ ≤ ‖f0 − f̄0‖0

1 − 4C(R)μ(max {‖f0‖0,‖f̄0‖0})
, (4.2)

where μ(τ) = 1−√
1−8C(R)τ

4C(R)
and C(R) is given in Lemma 4.1.

Proof By the formulas of f � and f̄ �, we have

(f − f̄ )�(t, x, v) = (f0 − f̄0)(x, v) +
∫ t

0
[Q�

+(f − f̄ , f ) − Q
�
−(f − f̄ , f )

+ Q
�
+(f̄ , f − f̄ ) − Q

�
−(f̄ , f − f̄ )]ds. (4.3)

Using Lemma 4.1 and (4.3), it is easy to see that

|(f − f̄ )�(t, x, v)| ≤ |f0 − f̄0| + C(R)[2‖f ‖ + 2‖f̄ ‖]‖f − f̄ ‖W(x,v). (4.4)

We know

f �(t) ≤ u
�

0(t), f̄ �(t) ≤ u
�

0(t),

where u0 is from the beginning condition in the proof of the positivity of the mild solution
using Kaniel-Shinbrot iterative scheme [23, 25], i.e.,

l0(t)
� ≤ l

�

1(t) ≤ u
�

1(t) ≤ u
�

0(t), t ∈ [0,∞). (4.5)

Without loss of generality, we let u
�

0(t) = μ(‖f0‖0)W(x, v), ū
�

0(t) = μ(‖f̄0‖0)W(x, v),

where μ(‖f0‖0) = 1−
√

1−8C(R)‖f0‖0

4C(R)
.

Consequently, ‖f ‖ ≤ μ(‖f0‖0),‖f̄ ‖ ≤ μ(‖f̄0‖0). Then from (4.4), we get

‖f − f̄ ‖ ≤ ‖f0 − f̄0‖0 + 4C(R)[max {μ(‖f0‖0),μ(‖f̄0‖0)}]‖f − f̄ ‖. (4.6)
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From the definition of μ(τ), we have

μ(‖f0‖0) ≤ 2‖f0‖0, μ′(τ ) > 0,

which implies 4C(R)[max{μ(‖f0‖0),μ(‖f̄0‖0)}] = 4C(R)μ(max{‖f0‖0,‖f̄0‖0}) < 1. So

‖f − f̄ ‖ ≤ 1

1 − 4C(R)μ(max{‖f0‖0,‖f̄0‖0})
‖f0 − f̄0‖0. (4.7)

This completes the proof. �

A problem The method in this section can be used to the relativistic Boltzmann equation
near vacuum [16]. But we can’t obtain uniform L1(x, v)-stability of the solution in [16]
although the initial data has compact support with respect to x, i.e., the solution f (t, x, v) ∈
L1(x, v).

In fact, after taking difference of two solutions and change of variables, the L1(x, v)-
stability lays on a Gronwall’s inequality:

‖(f − f̄ )(t, x + v̂t, v)‖L1(x,v) ≤ ‖f0 − f̄0‖L1(x,v) +
∫ t

0
λ(s)‖(f − f̄ )(s, x + v̂s, v)‖L1(x,v)ds,

where λ(s) is

sup
x,v

∫
S2+×R

3
u

q(u, v,ω)e−u0 [1 + |(x × u) + s(v̂ × u)|2]− 1+δ
2 dudω.

One can’t obtain time decay of λ(s) although |x| ≤ b, for some b > 0.
On the other hand, if one changes the weight function with respect to x by a exponential one
as e−|x×v|, and based on the initial data having compact support in x, by the same procedure
the temporal decay rate with respect to t can be obtained because of e−|a+b| ≤ e|a|e−|b|.
Concretely, we can get the temporal decay rate from

sup
x,v

∫
S2+×R

3
u

q(u, v,ω)e−(k+1)u0 exp(−|(x × u) + t (v̂ × u)|)dudω,

so we have the uniform L1(x, v)-stability.
Unfortunately, for this kind of weight function, we can’t get global existence of the mild

solution as that in [16].
Thus, choosing some new weight functions to obtain both global existence and L1-

stability for the relativistic Boltzmann equation near vacuum is a problem.
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